Abstract. We find a characteristic-free algebraic condition for developability of uniruled varieties. As an application, we study developable varieties over positive characteristic fields. In particular, we generalize classification theorem of one parameter developable ruled varieties to arbitrary characteristic.
Introduction
In classical di¤erential geometry, a ruled surface whose tangent planes are constant on each line is called developable ( [7, Section 3.7] ). We study developable varieties in the context of projective (algebraic) geometry.
There are at least two di¤erent definitions of developable varieties in algebraic geometry:
(A) The varieties with degenerate Gauss maps ([3, p. 142], [9] ), and (B) The ruled varieties whose tangent spaces are constant on each leaf ( [2] ). These two definitions are equivalent in characteristic zero, at least for a suitable choice of the ruling in (B) (Remark 7.1). Recently, developable varieties of type (A) has been classified in characteristic zero ( [1] , [8] , [9] , [10] ). When the characteristic is positive, (B) still implies (A), but (A) does not necessarily imply (B). In fact, we give an example of a non-ruled surface with the degenerate Gauss map (Example 7.2).
In this paper, we concentrate on the developable varieties of type (B). In the following, ''developable'' means developable of type (B). Our main results are a developability criterion in any characteristic, and a generalization of classification theorem of one parameter developable varieties of type (B) .
If the ground field K is C then we have an analytic developability criterion ([2, p. 65]) and if char K ¼ 0, an algebraic criterion ([8, Theorem 0.2]). (The paper [8] does not use the word 'developable'.) We establish the following algebraic developability criterion which is valid over any algebraically closed field. Below, a ruling is called uniruling if the projection from the incidence correspondence to the ruled variety is generically finite (Definition 2.1). Theorem 1.1. Let B H Gðk; NÞ be a closed variety of dimension r, I B the incidence correspondence of B and let X ¼ 6 E A B E H P N be uniruled by B.
(1) If the uniruling is developable then for any local parameter system u 1 ; . . . In particular, developability is equivalent to the condition ð ** Þ for any local parameter system fu i g and any local basis fv i g. (2) If dim B ¼ 2, the condition ð ** Þ implies the generically étaleness, hence the developability follows (Lemma 5.1), but when char K > 0, we give examples of developable varieties without ð ** Þ (Examples 5.2 and 6.1). If dim B b 3, we also construct non-developable unirulings with ð ** Þ (Example 6.2).
By Remark 1.2(1), we get the following classification theorem of one parameter developable ruled varieties by the analysis of focal locus. Theorem 1.3. Let B H Gðk; NÞ be a 1-dimensional closed subvariety giving developable uniruling, I B the incidence correspondence of B with the projections f : I B ! P N and g : I B ! B, and let X ¼ f ðI B Þ. Define the focal subscheme F H I B to be the locus where rank df < dim I B . Let F H I B be the closure of F nfðx; EÞ j E is a singular point of B or a focal leaf g, and F 0 ¼ f ðF Þ the focal variety. (See Definition 2.5). Then:
(0) For a general element E A B, f ðF V g À1 ðEÞÞ H F 0 is a linear subspace of dimension k À 1, and we have a rational map h : B a Gðk À 1; NÞ, E 7 ! f ðF V g À1 ðEÞÞ.
(1) Assume that h is a constant, then F 0 is a linear subspace of dimension k À 1. In this case, there exists a curve C H X which is contained in a linear subspace disjoint from F 0 , such that X is the join variety of C and F 0 . (2) Assume that h is not a constant. Let B 0 be the closure of the image of h, then F 0 is uniruled by B 0 . Let g : F 0 a Gðk; NÞ be the Gauss map of F 0 , then the following conditions are equivalent:
It is known that if K ¼ C then one parameter developable ruled varieties are osculating scrolls (use (2)) or join varieties of osculating scrolls and linear subspaces (use (1)) ([2, p. 77], Corollary 4.2). Our theorem is a generalization of this fact.
The plan of this paper is as follows. In Section 2 we introduce the notion of focal loci for families of linear subspaces and recall di¤erential of rational functions. In Section 3 we prove our developability criterion Theorem 1.1. In Section 4 we prove the characteristic-free classification theorem of one parameter developable varieties. In Section 5 we study two parameter ruled varieties. In Section 6 we consider higher dimensional parameter. In Section 7 we study the fibers of the Gauss maps.
Notation
The base field K is an arbitrary characteristic algebraically closed field throughout this paper. Varieties are integral algebraic schemes over K. Points mean closed points. Gðk; NÞ is the Grassmann manifold whose points are the k-dimensional linear subspaces in P N . When X is a variety, KðX Þ is the function field of X . For a variety X and a point x A X , T x X is the Zariski tangent space ðm x =m For a variety X we write the smooth locus of X by X sm . For a projective variety X H P N and a point p A X sm , T p X H P N is the projective embedded tangent space of X at p A X . ½v A P N denotes the point of P N corresponding to the equivalence class of v A A Nþ1 n0. Given a linear subspace V H A Nþ1 , PðV Þ H P N means the linear subspace of P N corresponding to V .
Preliminaries
Let B H Gðk; NÞ be a closed subvariety of dimension r, and I B ¼ fðx; EÞ A P N Â B j x A Eg with the natural projections:
We call I B the incidence correspondence of B.
Definition 2.1. We say that X is uniruled by B, or B determines the uniruling of X if dim X ¼ k þ r. Then we call B the base and an element E A B a leaf. We say that the uniruling is developable if T p X ¼ T q X for any E A B and any points p; q A E V X sm .
We can identify this Grassmannian with the Grassmannian of linear subspaces of dimension k þ 1 of A Nþ1 . We construct another incidence correspondence b I B I B H B Â A Nþ1 and the projections as follows:
LetX X H A Nþ1 be the a‰ne cone corresponding to Remark 2.3. We can always take a local basis for any base B H Gðk; NÞ. To explain this, we recall some basic properties of Gðk;
where #I is the cardinality of I . Let Gðk; NÞ be embedded in P M where M ¼ 
Hence, for any variety B H Gðk; NÞ, by restricting these to B V U I , we have a local basis v 0 ; . . . ; v k : B V U I ! A Nþ1 . We call this the standard local basis for B.
Remark 2.4. We assume V H U I for some I A L. If we have a local
We call these morphisms local trivializations.
Þ. This is the smooth locus of
This is the smooth locus of b
Definition 2.5. Let T U and T P N be the tangent sheaves. The morphism df :
defines a closed subscheme of U. This is called the focal subscheme of B. And the closure of the image of the focal subscheme under f in X is called the focal locus of B. We call an element E A B a focal leaf if g À1 ðEÞ is contained in the focal subscheme in I B . If f : I B ! X is generically étale then there exists a nonempty open set V H B sm such that each element E A V is not a focal leaf. Then, the closure of f ðF V g À1 ðV ÞÞ H X is called the focal variety of B. Let T W and T A Nþ1 be the tangent sheaves. The morphism of sheaves on W df
defines a closed subscheme of W . This is called the a‰ne focal subscheme of B.
Remark 2.6. The focal subscheme F and the a‰ne focal subschemeF F is given by locally same equations, more precisely, for each s A B sm there exists an a‰ne open neighbourhood V ¼ SpecR H B at s such that the defining ideal of
To describe the focal subscheme, we recall the notion of di¤erential of rational functions. 
By Lemma 2.7 (d), we have the result. r
Developability criterion
In this section we prove Theorem 1.1. First we note the rank conditions in Theorem 1.1. Proof of Theorem 1. 
Then the matrix A maps ð0; . We apply the fact in the particular case to w 0 ; . . . ; w k , so that we have P k i¼0 T s; i H T s . We complete the proof of (1).
(2) ð)Þ Follows from (1) 
One parameter developable ruled varieties
In this section, we describe the focal subscheme by using the standard local basis when the dimension of a base B H Gðk; NÞ is one, and classify one parameter developable uniruled varieties.
Let B H Gðk; NÞ be a closed subvariety of dimension 1, I B the incidence correspondence of B with the projections f : I B ! P N and g : I B ! B, and let We can assume that dv k du 0 0. When B gives developable uniruling, by Theorem 1.1, there are functions l 0 ; . . . ; l kÀ1 in the function field KðBÞ such
Hence the focal subscheme is locally
(1) We can take C as the image of the morphism V ! P N , s 7 ! ½v k ðsÞ. (2) First, we will prove that ðaÞ ) ðeÞ ) ðcÞ ) ðaÞ. We have the natural birational morphism f : V Â P kÀ1 ! F , ðsÞ Â ðt 0 : Á Á Á : t kÀ1 Þ 7 ! ðsÞ Â ½ P kÀ1 i¼0 t i ðv i ðsÞ À l i ðsÞv k ðsÞÞ. The composition of f : V Â P kÀ1 ! F and f : F ! F 0 is given by ðsÞ Â ðt 0 : Á Á Á : t kÀ1 Þ 7 ! ½ P kÀ1 i¼0 t i ðv i ðsÞ À l i ðsÞv k ðsÞÞ. We consider the a‰ne lifting of this, 
When we assume (a), d f f f f is generically étale, hence, P kÀ1 i¼0 t i l 0 i is not 0 for general ðs; t 0 ; . . . ; t kÀ1 Þ. We have (e). Now, we assume (e). Let I B 0 be the incidence correspondence of B 0 with projectionsf f :
We take suitable open sets V H B and V 0 H B 0 which make the following morphisms well defined:
; tÞ 7 ! ðhðsÞ; tÞ, local trivialization c : V 0 Â P kÀ1 ! I B 0 by the standard local basis for B 0 .
We have the following commutative diagram:
This implies (c) becauseĝ g : I B 0 ! B 0 is generically smooth. If (c) is true, then H : V Â P kÀ1 ! V 0 Â P kÀ1 ; ðs; tÞ 7 ! ðhðsÞ; tÞ is generically étale. Therefore the compositionf f c H ¼ f j F f is generically étale, this implies (a). Next we prove that ðeÞ ) ðdÞ and ðdÞ, ðeÞ ) ðbÞ. Now assume (e). We take a section B 0 ! I B 0 ofĝ g so that w : B 0 ! F 0 , the composition withf f , has its image not contained in the singular locus. We prove that g w gives the converse of h. Let s A B be a general point. We have ðs; w hðsÞÞ A F , hence s ¼ gð f ðs; w hðsÞÞÞ ¼ g w hðsÞ by (e). Let s 0 A B 0 be a general point. There is s A B such that hðsÞ ¼ s 0 . ðs; wðs 0 ÞÞ A F , hence s ¼ gð f ðs; wðs 0 ÞÞÞ ¼ g wðs 0 Þ by (e). We have s 0 ¼ hðsÞ ¼ h g wðs 0 Þ. If we assume (d), then H is birational. On the other hand,f f c : V Â P kÀ1 ! F 0 is birational because B 0 gives developable uniruling by (e). Therefore, the compositionf f c H ¼ f j F f is birational. r
We denote the l-th osculating scroll of a curve C by Tan ðlÞ C. We can recover the following well-known classification result in characteristic 0. Proof. We give a strange example that the focal variety is a linear subspace of codimension one in positive characteristic. Therefore B gives a developable uniruling by Theorem 1.1 and the focal variety is the closure of the image of ½v 0 . Hence the focal variety is a line.
Two parameter ruled varieties
In this section we prove that the rank condition ð ** Þ in Theorem 1.1 implies generically étaleness of the projection I B ! X if the dimension of B is 2, hence ð ** Þ is a su‰cient condition for developability in this case. We give an example of a 2-dimensional B which gives developable uniruling but ð ** Þ fails, hence ð ** Þ is not a necessary condition. Proof. We can choose a local parameter system u 1 , u 2 such that some two coordinate functions are u 1 þ d 1 and u 2 þ d 1 ðd 1 ; d 2 A KÞ. Therefore, essentially, the forms of the standard local basis v 0 ; . . . ; v k are 3 types: We have the variety X ¼ 6 E A B E H P 4 . We can check that B determines the unique uniruling, the rank condition ð ** Þ in Theorem 1.1 is not satisfied and the projection from the incidence correspondence of B to X is not generically étale. The defining polynomial F of X is X 1 X at ½sv 0 þ tv 1 A X . Therefore the Gauss map does not depend on s, t. The uniruling is developable.
Cases of higher dimensional bases
In this section we treat higher dimensional bases. We give two examples: bases giving developable uniruling without ð ** Þ, and non-developable uniruling with ð ** Þ.
